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Fuel-Efficient Pulse Command Profiles for Flexible Spacecraft

William Singhose,* Kristen Bohlke,^ and Warren Seering*
Massachusetts Institute of Technology, Cambridge, Massachusetts 02141

A procedure for designing command profiles for flexible spacecraft is presented. The command profiles are
designed to maneuver a spacecraft with very little residual vibration, even in the presence of modeling errors. To
model the case where a spacecraft is equipped with on-off reaction jets, the command signals are restricted to
positive or negative constant-amplitude pulses. The technique results in command profiles that are much more fuel
efficient than the time-optimal commands, yet do not incur a significant time penalty. Robustness to modeling errors
of both the time-optimal and the fuel-efficient commands are shown to be highly dependent on move distance;
however, the fuel-efficient profiles are always as robust as the time-optimal profiles.

I. Introduction

T HE development of command profiles to maneuver flexible
spacecraft is an area of active research. Recently, the technique

of input shaping has been successfully applied to this problem. Input
shaping allows the spacecraft to be maneuvered with little residual
vibration, even in the presence of modeling errors.1"5

The process of input shaping can be summarized as follows. First,
equations describing the dynamic response of the system to a se-
quence of impulses are formulated. Second, the dynamic equations
are solved for an impulse sequence (an input shaper) that yields a
small amount of residual vibration. Third, the input shaper is con-
volved with a desired input to form a shaped command. Finally, the
shaped input is used to command the system. The shaped input has
the same vibration reducing properties as the input shaper.6

Input shaping has been investigated and extended by many re-
searchers since the original presentation by Singer and Seering.6
Singhose et al.7'8 proposed a technique for improving insensitiv-
ity to modeling errors. Hyde and Seering9 demonstrated the input
shaping process on multiple-mode systems. Jansen10 and Magee
and Book11 used input shaping on long-reach manipulators.

Several researchers have presented methods for designing input
shapers in the z plane.12"14 Input shapers containing negative im-
pulses were shown to improve rise time.15 Input shaping was shown
to be beneficial for trajectory following.16'17

In its most general form, the input shaping process leads to
variable-amplitude command signals, which flexible spacecraft
equipped with on-off jets cannot produce. Approximate meth-
ods for using shaping on constant-amplitude actuators have been
developed.18'19 Input shaping can be rigorously applied to the prob-
lem of controlling flexible spacecraft equipped with on-off reaction
jets by requiring the impulses in the input shaper to have specific
amplitudes.4 The set of constraint equations governing the dynamic
response and the impulse amplitudes can be solved with a standard
optimization program. Input shaping for constant-amplitude actua-
tors is equivalent to the time-optimal control for a certain class of
flexible structures.20

This paper will present a novel procedure for designing command
profiles that are considerably more fuel efficient than previously re-
ported methods. The command profiles that are generated by the
new technique are nearly time optimal. If the large fuel savings are
considered, the new command profiles are very attractive alterna-
tives to the time-optimal solutions.

This paper also demonstrates that the robustness of constant-
amplitude input shaping shown previously in the literature is not
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representative of the general problem. The method's robustness is
highly dependent on the rest-to-rest slew displacement or the termi-
nal velocity in a spin-up maneuver.

The simple model representing a flexible spacecraft that has been
used previously in the literature2"5 will be used again to evaluate the
new profiles and to compare their performance with the techniques
previously reported. The simplicity of the model should not reduce
the usefulness of the proposed techniques for real hardware. Very
accurate, nonlinear simulations of the Space Shuttle and hardware
experiments have been conducted to verify that the input shaping
techniques developed for the simple model can be easily extended
to complex systems.4

II. Fuel-Efficient Spin-Up Profiles
The new fuel-efficient command profiles will be generated for the

system model shown in Fig. 1. This model represents a system with
a single flexible mode and a rigid-body mode. A force input u(t)
acts on mass ra i with an amplitude of wmax, 0, or — wmax. We have left
out damping to simplify the development; however, the technique
can be used with damped systems by simply adding damping terms
in the constraint equations.3'6 If the system under consideration has
multiple modes, then dynamic constraint equations governing each
mode are added to the problem formulation.4'5

The command profiles presented here are obtained by solving
a set of constraint equations. The equations can be categorized as
follows: 1) constraints on rigid body motion, 2) residual vibration
constraints, 3) robustness constraints, 4) constraints on the impulse
amplitudes, and 5) a time-optimality constraint.

To ensure that the desired rigid-body response is attained, the
following equation must be satisfied:

u(t)
+ ra2)

-d r (1)

where vd is the desired spin-up velocity in units of (force)(time)/
mass.

The desired rigid-body motion is set by Eq. (1); however, the
main purpose of input shaping is to limit the amount of residual
vibration that occurs when the system reaches its desired setpoint.
The vibration equations can be nondimensionalized by using the
ratio of vibration caused by the input shaper to the vibration caused
by a single impulse.21 This percentage residual vibration for a shaper
containing n impulses is

V(o>) = (2)

Fig. 1 Simple system
model.
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where i = 1, . . . , « , A/ is the amplitude of the /th impulse, // is
the time location of the ith impulse, and a) is the natural frequency
of the system. To include damping in the problem, simply use the
damped version of Eq. (2) found in Refs. 3 and 6. By including
Eq. (2) in our set of constraint equations, we can set the level of
vibration to the quantity V when the system's frequency is exactly
o) (e.g., when V = 0.05, the shaped residual vibration amplitude
is 5% of the baseline vibration amplitude). When V is set equal
to zero and the constraint equations are solved for A, and r, while
minimizing the shaper duration, the resulting input shaper is called
a zero vibration (ZV) shaper. The shaper duration is minimized so
that the shortest command that meets the performance criteria will
be obtained.

If the system frequency varies from CD, then there may exist a large
amount of residual vibration. Equation (2) only guarantees a low
level of vibration when the actual frequency equals the modeling
frequency. One way to make an input shaper robust to modeling
errors is to differentiate the vibration equation with respect to co and
set the result equal to zero6:

_d
dco— < [ £ A / sin(<wf/)]2 + [SA/ cos(<^,)]2 = 0 (3)

When both Eqs. (2) and (3) are used with V = 0, the resulting
shaper is called the zero vibration and derivative (ZVD) shaper.

Input shapers that are more robust than the ZVD shapers have
been proposed.4'7'8 Although the constraints associated with these
shapers are generally better, they will not be presented in this paper,
so that we may focus on fuel-efficiency issues.

To compare the performance of the ZV and ZVD input shapers in
the presence of modeling errors, we examine the shapers' sensitivity
curves, which are plots of the vibration amplitude as a function
of normalized system frequency (a>actuai/&>mociei). Typical sensitivity
curves for ZV and ZVD shapers are shown in Fig. 2. Clearly, the
ZVD shaper keeps the vibration amplitude at a low level over a wider
range of frequencies than the ZV shaper. The robustness of the two
shapers can be compared quantitatively by defining the insensitivity
of a shaper as the width of its sensitivity curve at a low level of
vibration. For example, the 5% insensitivity (the width at 0.05) of
the ZV shaper is 0.053, whereas the 5% insensitivity of ZVD shaper
is 0.252.

Equations (1-3) control the rigid and flexible dynamics; however,
the actuator limitations have not been addressed. Our model requires
a constant magnitude command, i.e., u(t) is restricted to have a
value of +wmax, 0, or — wmax. Commands consisting of constant-
amplitude pulses can be generated with input shaping if constraints
are placed on the amplitudes of the impulses in the input shaper.
For maneuvers that spin up to a constant velocity, the time-optimal
command consists of a series of alternating positive and negative
pulses of variable length, with one more positive pulse than negative
pulse.3'4 Therefore, to generate the time-optimal command for spin-
up maneuvers, an input shaper must have the form

-i"1 ~:
J [o t2

-2 2 -2
(4)
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Fig. 2 Sensitivity curves for ZV and ZVD input shapers: - - - -, ZV and
——, ZVD.
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Fig. 4 Spin-up command profiles.

where n is even. Furthermore, the shaper given by Eq. (4) must be
convolved with a step input of magnitude wmax. This procedure is
demonstrated in Fig. 3. The value of n in the given shaper depends
on the type of dynamic constraints that are used in the shaper design
and the desired spin-up velocity. For the ZV constraints and small
terminal velocities, the value of n is four. That is, the time-optimal
ZV shaper for low-velocity spin-up profiles is

[:]- -2 2 -1
(5)

where the values of t2 through t4 are determined by solving Eqs. (1)
and (2). Note that Eq. (2) is actually two constraint equations when
V = 0 because both the sine and cosine sums must equal zero
independently. The time-optimal ZVD shaper will have a different
number of impulses because of the additional constraints associated
with Eq. (3).

The new shapers to be developed in this paper are motivated by
the fact that the time-optimal command profiles use fuel throughout
their duration. We postulate that command profiles that contain only
positive pulses and allow periods of coasting can robustly reduce
residual vibration while being only slightly longer than the time-
optimal commands. We propose the following fuel-efficient shaper:

1 -1
0 h (6)

The command profile generated by Eq. (6) is compared to
the time-optimal profile in Fig. 4. Unlike the fuel-efficient profile,
the time-optimal profile generates forces in the direction opposite
to the desired velocity. Although negative pulses are required to
slow down a system in rest-to-rest slews, they are not required for
spin-up maneuvers. The presence of the negative pulses in spin-up
commands leads to large fuel expenditures.

Note that a command profile that contains only positive pulses is
not only more fuel-efficient than the time-optimal command, it is the
fuel-optimal solution. The final velocity is simply the time integral
of the command profile divided by the system mass; see Eq. (1).
Therefore, for a given spin-up velocity, fuel usage is minimized
when the command contains only positive pulses.

Because of the transcendental nature of Eqs. (2) and (3), there are
an infinite number of solutions to the given constraints. To obtain the
time-optimal solution, the duration of the shaper must be as short as
possible. This leads to the final constraint that must be optimized,

minft,) (7)

Shaped profiles were designed for the system of Fig. 1 with param-
eter values m\ = m2 = k — wmax = 1. The shapers were determined
by solving the appropriate constraint equations with the nonlinear
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Fig. 5 Maneuver times of the time-optimal and fuel-efficient spin-
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Fig. 6 Fuel usage of the time-optimal and fuel-efficient spin-up profiles:
- - - -, time-optimal ZV; - o -, fuel-efficient ZV; ——, time-optimal ZVD;
and -e—, fuel-efficient ZVD.

optimization program GAMS.22 The time-optimal ZV profile is ob-
tained by using Eqs. (1), (2), (4), and (7), whereas the time-optimal
ZVD is obtained by adding Eq. (3). The fuel-efficient profiles are
obtained by replacing Eq. (4) with Eq. (6).

Because nonlinear optimization is susceptible to local minima,
the solutions obtained from the optimization may not be time op-
timal. Fortunately, a method for verifying the time optimality of a
candidate solution is available.20 The verification method is based on
sufficient and necessary conditions obtained from Pontry agin's max-
imum principle. Using the method described in the reference, we
have verified the accuracy of the time-optimal solutions presented
here. Unfortunately, no such verification method is available for the
fuel-efficient profiles. We will see, however, that the fuel-efficient
profiles are so very close to time optimal that it is improbable that
a shorter fuel-efficient solution exists. In fact, for certain parameter
values, the fuel-efficient profile is exactly equal to the time-optimal
profile.

Given that we are suggesting that time optimality be sacrificed
for fuel efficiency, we will first examine the cost of the new shapers
in terms of the maneuver time. Figure 5 compares the command
durations for the time-optimal and fuel-efficient ZV and ZVD pro-
files for the range of 0.1 < vd < 6. Figure 5a reveals that the
fuel-efficient ZV profiles are essentially time optimal for all spin-up
velocities greater than about 1 unit/s. For velocities greater than 1.2,
the length of the fuel-efficient profile is at most 1.2% longer than
the time-optimal profile. Furthermore, the average duration is only
0.24% longer than the time optimal over the range 1.2 < vd < 6.

Figure 5b shows that the fuel-efficient ZVD profiles are nearly
time optimal for all spin-up velocities greater than about 1.5 units/s.
After vd = 1.7, the length of the fuel-efficient profile is at most 1.8%
longer than the time-optimal profile, whereas the average duration is
only 1.0% longer than the time optimal over the range 1.7 < vd < 6.
(Whenever possible, dashed lines will be used to represent ZV pro-
files and solid lines will be used for ZVD profiles. Additionally, open
circles will be added to curves representing fuel-efficient profiles.)

The fuel usage of the time-optimal and the fuel-efficient shapers
are compared in Fig. 6. Fuel usage is measured as the cumulative

nnnn
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Spin-Up Velocity, vd (units/sec)

Fig. 7 Impulse times for the fuel-efficient ZV spin-up profiles; shaded
areas indicate periods of coasting.

time that the actuator is turned on. The proposed fuel-efficient pro-
files use less fuel than their time-optimal counterparts at all veloci-
ties. At low spin-up velocities, the fuel usage is reduced by an order
of magnitude. At higher velocities the percentage savings decreases,
but it is still substantial. Because the fuel-efficient profiles are essen-
tially time optimal for most velocities, the difference in fuel usage
can be regarded as wasted fuel.

Given the significant fuel savings associated with the fuel-
efficient profiles, it is surprising that they are so close to time optimal.
By examining the structure of the shapers we can develop a better
understanding of this unexpected result. Figure 7 shows the impulse
times for the fuel-efficient ZV shaper as a function of spin-up veloc-
ity. As the velocity is increased, the number of pulses in the profile
increases. This transition is shown along the top of the figure. The
shaded areas indicated periods of coasting.

Figure 8 compares the impulse times of the fuel-efficient and time-
optimal ZV shapers. The impulses of both shapers evolve in a simi-
lar fashion. After the first region, the fuel-efficient profiles are very
nearly the time-optimal profiles with the negative pulses removed.
Put simply, the fuel-efficient profiles tend to coast, whereas the
time-optimal profiles decelerate. The same final velocity is obtained
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Fig. 8 Comparison of fuel-efficient and time-optimal ZV impulse
times.

because the deceleration pulses are offset by longer acceleration pe-
riods in the time-optimal profiles. If the duration of the negative
pulses is subtracted from the positive pulses, then the resulting time
period will equal the duration of the fuel-efficient pulses.

III. Fuel-Efficient Rest-to-Rest Profiles
If the desired spacecraft maneuver is a rest-to-rest slew rather than

a velocity spin up, the input shapers used to construct the command
must have a different form than the spin-up shapers. The command
profiles must contain negative pulses. The difference arises out of
the constraint equations that govern the two problems. In addition
to the constraints used for the spin up [Eqs. (1-3)], the rigid-body
displacement at the end of the command must also be controlled.
The rigid-body displacement is described by

»-//• u ( t )
+ ra2)

-dtdt (8)

where xd is the desired move distance in units of (force)(time2)/mass.
In addition to setting xd, rest-to-rest slews require vd — 0 in Eq. (1),
i.e., the final velocity must be zero.

The time-optimal rest-to-rest command is a series of alternating
positive and negative pulses.2"4'23"25 Therefore, the time-optimal
ZV and ZVD shapers for rest-to-rest slews must have the form

A,I = n -2
t, \ LO 'i

-2

tn-l
(9)

where n is odd.
Once again, we postulate that command profiles, which allow

periods of coasting, can robustly reduce residual vibration, while
being only slightly longer than the time-optimal commands. The
fuel-efficient shapers we propose for rest-to-rest maneuvers that
meet the ZV and ZVD constraints have the form

1 1

(10)

Figure 9 compares the proposed fuel-efficient rest-to-rest shapers to
their time-optimal counterparts. The inherent fuel efficiency of the
new shapers is readily apparent. The pulses that cause acceleration
in the desired direction all occur before the deceleration pulses.

Note that, unlike the fuel-efficient spin-up profiles, the fuel-
efficient rest-to-rest profiles are not the fuel-optimal solution. In
fact, the fuel-optimal solution for rest-to-rest moves is undefined.
As the fuel usage is decreased, the pulses get narrower and the coast
periods get longer. In the limit, the pulse widths go to zero and the
coast periods go to infinity.

The time-optimal and fuel-efficient rest-to-rest shapers were de-
termined for the system of Fig. 1 with parameters m\ = ra2 =
k = wmax = 1. Figure 10 compares the command durations for
the time-optimal and fuel-efficient ZV and ZVD rest-to-rest pro-
files for the range of 0.1 < xd < 40. The time penalties associated
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- -fl Time
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Fig. 9 Rest-to-rest command profiles.
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Fig. 10 Maneuver times of the rest-to-rest profiles: - - - -, time-optimal
ZV; - -o -, fuel-efficient ZV; ——, time-optimal ZVD; and -e—, fuel-
efficient ZVD.

with the fuel-efficient rest-to-rest shapers are almost negligible. For
xd > 3.0, the fuel-efficient ZV profile is at most 2.3% longer than
time optimal, and the fuel-efficient ZVD is at most 4.2% longer.
Over the range 3 < xd < 40, the fuel-efficient ZV profile averages
0.5% longer than the time optimal, whereas the fuel-efficient ZVD
profile averages 0.6% longer.

The fuel saved by the new rest-to-rest shapers depends on desired
slew distance just as the fuel savings of the spin-up shapers depended
on spin-up velocity. The fuel usage of the time-optimal and the fuel-
efficient ZV and ZVD rest-to-rest shapers are compared in Fig. 11.
For all values of slew distance the fuel-efficient profiles use less
fuel than their time-optimal counterparts. At small distances, the
fuel usage is reduced by an order of magnitude. Over most of the
move distances, the fuel savings averages about 3 s.

To gain a better appreciation for the fuel-efficient solution, we
can plot the time locations of the shaper's impulses as a function of
slew distance. Figure 12 shows these times for the fuel-efficient ZVD
profiles. The structure of the command profile has been plotted along
the top of the figure. For small slew distances, the command profile
is composed of two positive pulses followed immediately by two
negative pulses. For the intermediate slew distances, there is a period
of coasting between positive and negative pulses. Finally, for long
slews the profile is three positive pulses followed immediately by
three negative pulses. The curves representing the impulse times in
Fig. 12 evolve in a repetitive fashion. As slew distance is increased,
impulse times converge and then give rise to additional impulses,
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Fig. 12 Impulse times for the fuel-efficient ZVD rest-to-rest profiles;
shaded areas indicate periods of coasting.

which represent additional coast periods or additional pulses. The
shaded regions of the figure indicate periods of coasting between
pulses.

IV. Variation of Insensitivity
In most previous work using input shaping to generate command

profiles for flexible spacecraft it was assumed that using ZVD con-
straints would guarantee good robustness to modeling errors. This
is not the case, because the insensitivity of input shapers varies with
spin-up velocity and slew distance. For certain move distances, the
ZVD shaper will have relatively poor robustness to modeling errors.
In this section we will explore the variation of insensitivity. Two
important comparisons will be made, the comparison between the
insensitivity of ZV and ZVD shapers and the comparison between
fuel-efficient and time-optimal shapers.

Spin-Up Profiles
Figure 13 shows the 5% insensitivity of the fuel-efficient and time-

optimal spin-up profiles. The 5% insensitivity was calculated by
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Fig. 13 Insensitivity of spin-up profiles as a function of spin-up veloc-
ity: - - - -, time-optimal ZV; - o -, fuel-efficient ZV; ——, time-optimal
ZVD; and -o—, fuel-efficient ZVD.
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Fig. 14 Insensitivity of rest-to-rest profiles as a function of slew dis-
tance: - - - -, time-optimal ZV; - o -, fuel-efficient ZV; ——, time-optimal
ZVD; and -&—, fuel-efficient ZVD.

computing the sensitivity curve for each shaper and spin-up velocity,
and then measuring the width of the curve at 0.05. This measurement
tells us over what frequency range the residual vibration will be
below 0.05. The larger the value of insensitivity, the more robust the
shaper will be to modeling errors.

Figure 13 demonstrates that insensitivity varies considerably with
spin-up velocity. For example, the ZVD shaper is three times more
robust for velocities near 3 units/s than for velocities close to 4
units/s. Even though the insensitivity of the ZVD shaper varies with
spin-up velocity, it is almost always significantly larger than for
the ZV shaper. Figure 13 also demonstrates that the fuel-efficient
shapers have essentially the same robustness as the time-optimal
shapers.

Rest-to-Rest Profiles
Figure 14 shows the 5% insensitivity of the fuel-efficient and

time-optimal rest-to-rest profiles. As expected, the ZVD shapers
are significantly more robust than the ZV shapers. Once again, the
fuel-efficient shapers have essentially the same insensitivity as the
time-optimal shapers.

Given that insensitivity can be relatively small for certain spin-up
velocities and slew distances, there is justification for shapers that
are even more robust than the ZVD shaper. In fact, a procedure for
developing extra-insensitive shapers has been reported.4'7-8

V. Simulation Evaluations
Experiments using Draper Laboratory's simulation of the Space

Shuttle's remote manipulator and a flexible hardware testbed have
verified the benefits of using input shaping with constant-amplitude
actuators.4 The simulations used to test the theoretical results of
this paper will be restricted to simulations of the system shown in
Fig. 1. If the trends in fuel savings and insensitivity are supported by
these simulations, then given the previously reported experimental
results, there is good reason to believe that the trends will also occur
in more complicated hardware.
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Fig. 16 Residual vibration as a function of slew distance (constant
modeling error): ——, fuel-efficient ZVD, k = 1.0 and - - - -, fuel-efficient
ZVD, A: = 0.6.

Two important results of the theoretical development will be
tested. First, we will verify that the fuel-efficient shaper yields the
same rise time and insensitivity as the time-optimal shaper, even
though it uses considerably less fuel. Second, the variation of insen-
sitivity with maneuver distance will be investigated.

Simulations of the system shown in Fig. 1 were performed us-
ing the command profiles generated with the spin-up fuel-efficient
and time-optimal ZVD shapers. Figure 15 compares the system re-
sponse to the command profiles when the spin-up velocity is 3 units/s
and the spring constant k is set equal to the values of 1.0 and 0.6.
The responses with k = 1.0 represent the case when the system
model is exact. The data for A; = 0.6 represent the responses to a
modeling error of 30%; the frequency shifts from 0.225 to 0.174
Hz. Figure 15 shows that the fuel-efficient shaper yields essentially
the same response as the time-optimal shaper (the responses are
indistinguishable on the graphs), even though it requires 1.9 fewer
seconds of fuel. These results illustrate the information shown in
Figs. 5 and 13.

Figure 16 shows the fuel-efficient ZVD responses for slew dis-
tances ranging from 2 to 20 units. The solid curves represent re-
sponses when the model is exact (k = 1.0). The responses achieve
the desired setpoint with zero residual vibration. The dashed lines
correspond to responses when a modeling error is introduced by
changing the spring constant to 0.6. Notice that for the same mod-
eling error, the residual vibration varies significantly with slew dis-
tance, reaching a minimum at about 12 units. This result demon-
strates that insensitivity to modeling errors is strongly dependent on
slew distance, as was predicted by Fig. 14. The low level of vibra-
tion near 12 units was predicted by the large value of insensitivity
shown at that value.

VI. Conclusions
A new technique for designing command profiles for flexible

spacecraft equipped with on-off reaction jets has been presented.

The technique can design command profiles for rest-to-rest slews
or accelerations to constant velocity. The new profiles are sig-
nificantly more fuel efficient than the time-optimal profiles, even
though the commands are effectively the same length as the time-
optimal commands. Additionally, the new profiles have essentially
the same insensitivity to modeling errors as the time-optimal pro-
files. Other results demonstrate that insensitivity to modeling errors
is highly dependent on slew distance and spin-up velocity. Computer
simulations verified the effectiveness of the proposed command
profiles.
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